We investigate the interior Einstein's equations in the case of a static, axially symmetric, perfect fluid source. We present a particular line element that is specially suitable for the investigation of this type of interior gravitational fields. Assuming that the deviation from spherically symmetry is small, we linearize the corresponding line element and field equations and find several classes of vacuum and perfect fluid solutions. We find physically meaningful spacetimes by imposing appropriate matching conditions. PACS numbers:
I. INTRODUCTION
Based on experimental evidence, general relativity is considered today as one of the best candidates to describe the gravitational field of compact astrophysical objects. As a theory for the gravitational field, it should be able to describe the field of all possible physical configurations, in which gravity is involved. All the information about the gravitational field should be contained in the metric tensor which must be a solution of Einstein's equations.
Consider the case of a compact object like a star or a planet. From the point of view of the multipole structure of the source, to describe the field of a compact object, we need an interior and an exterior solution, both containing at least three independent physical parameters, namely, mass, angular momentum and quadrupole moment. Consider first the case of a source with only mass and angular momentum. The corresponding exterior solution is represented by the Kerr spacetime [1] for which no physically reasonable interior solution is known. This is a major problem in classical general relativity [2] . Many methods have been suggested to find a suitable interior Kerr solution, including exotic matter models and specially adapted equations of state, but none of them has lead to a definite answer. In view of this situation, we consider that alternative approaches should be considered. In particular, we believe that additional physical parameters can be taken into account that are relevant for the description of the gravitational field. The simplest of such additional parameters is the quadrupole moment which is responsible for the deformation of any realistic mass distribution. Indeed, if we add a quadrupole moment to a spherically symmetric object, we end up with an axisymmetric mass distribution, which implies new degrees of freedom at the level of the corresponding field equations. This is the main idea of the alternative approach we propose to attack the problem of finding interior solutions to describe the interior gravitational structure of compact objects. As a first step to develop such an approach, we will focus in this work on the case of a source with only mass and quadrupole, neglecting the contribution of the angular momentum.
In a recent work [3] , it was proposed to use the Zipoy-Voorhees transformation [4, 5] to generate the quadrupolar metric (q−metric), which can be interpreted as the simplest generalization of the Schwarzschild metric, describing the gravitational field of a distribution of mass whose non-spherically symmetric shape is represented by an independent quadrupole parameter. In the literature, this metric is known as the Zipoy-Voorhees metric, delta-metric, gamma-metric and q-metric [6, 7] . Here, we will use the name q-metric to highlight the importance of the quadrupole parameter q. Consequently, this metric can be used to describe the exterior gravitational field of deformed distributions of mass in which the quadrupole moment is the main parameter that describes the deformation.
Circular and radial geodesics of the exterior gamma-metric (γ = 1 + q) have been compared with the spherically symmetric case to establish the sensitivity of the trajectories to the gamma parameter [8] . Moreover, it was shown that the properties of the accretion disks in the field of the gamma-metric can be drastically different from those of disks around black holes [9] [10] [11] .
The question arises whether it is possible to find an interior metric that can be matched to the exterior one in such a way that the entire spacetime is described as a whole. To this end, it is usually assumed that the interior mass distribution can be described by means of a perfect fluid with two physical parameters, namely, energy density and pressure. The energy-momentum tensor of the perfect fluid is then used in the Einstein equations as the source of the gravitational field. It turns out that the system of corresponding differential equations cannot be solved because the number of equations is less than the number of unknown functions. This problem is usually solved by imposing equations of state that relate the pressure and density of the fluid. In this work, however, we will explore a different approach that was first proposed by Synge [12] . To apply this method, one first uses general physical considerations to postulate the form of the interior metric and, then, one evaluates the energy-momentum tensor of the source by using Einstein's equations. In this manner, any interior metric can be considered as an exact solution of the Einstein equations for some energy-momentum tensor. However, the main point of the procedure is to impose physical conditions on the resulting matter source so that it corresponds to a physical reasonable configuration. In general, one can impose energy conditions, matching conditions with the exterior metric, and conditions on the behavior of the metric functions near the center of the source and on the boundary with the exterior field.
Hernandez [13] has shown how to modify ad hoc an interior spherically symmetric solution to obtain an approximate interior solution for the corresponding family of exterior Weyl metrics, provided the exterior metric contains the Schwarzschild metric as a particular case.
The Hernandez approach has been generalized by Stewart et al. [14] to obtain an exact interior solution to the gamma-metric. They found two different interior solutions which match the exterior gamma-metric. In general, however, this ad hoc method does not lead to interior solutions corresponding to simple fluids. The matching between interior and exterior solutions, in general, requires the fulfillment of several mathematical conditions on the matching surface [15, 16] .
This work is organized as follows. In Sec. II, we consider the q−metric as describing the exterior gravitational field of a deformed source with mass and quadrupole moment. In Sec.
III, we present the exact field equations for a perfect fluid source. In Sec. IV, we construct the approximate line element with a quadrupole moment and in Sec. V, we present some particular interior solutions. Finally, Sec. VI contains discussions of our results.
II. EXTERIOR q−METRIC
Zipoy [4] and Voorhees [5] investigated static, axisymmetric vacuum solutions of Einstein's equations and found a simple transformation, which allows one to generate new solutions from a known solution. If we start from the Schwarzschild solution and apply a ZipoyVoorhees transformation, the new line element can be written as
A detailed analysis of this metric shows that m and q are constant parameters that determine the total mass and the quadrupole moment of the gravitational source [3] . A stationary generalization of the q−metric, satisfying the main physical conditions of exterior spacetimes, has been obtained in [17] . The metric (1) has been interpreted as the simplest generalization of the Schwarzschild metric with a quadrupole.
Whereas the seed metric is the spherically symmetric Schwarzschild solution, which describes the gravitational field of a black hole, the generated q−metric is axially symmetric, and describes the exterior field of a naked singularity [3] . In fact, this can be shown explicitly by calculating the invariant Geroch multipoles [18, 19] . The lowest mass multipole moments M n , n = 0, 1, . . . are given by
whereas higher moments are proportional to mq and can be completely rewritten in terms of M 0 and M 2 . Accordingly, the arbitrary parameters m and q determine the mass and quadrupole which are the only independent multipole moments of the solution. In the limiting case q = 0, only the monopole M 0 = m survives, as in the Schwarzschild spacetime.
In the limit m = 0, with q = 0, all moments vanish identically, implying that no mass distribution is present and the spacetime must be flat. The same is true in the limiting case q → −1 which corresponds to the Minkowski metric. Moreover, notice that all odd multipole moments are zero because the solution possesses an additional reflection symmetry with respect to the equatorial plane θ = π/2.
The deformation is described by the quadrupole moment M 2 which is positive for a prolate source and negative for an oblate source. This implies that the parameter q can be either positive or negative. Since the total mass M 0 of the source must be positive, we must assume that q > −1 for positive values of m, and q < −1 for negative values of m. We conclude that the above metric can be used to describe the exterior gravitational field of a static positive mass M 0 with a positive or negative quadrupole moment M 2 .
A study of the curvature of the q−metric shows that the outermost singularity is located at r = 2m, a hypersurface which in all known compact objects is situated inside the surface of the body. This implies that in order to describe the entire gravitational field, it is necessary to cover this type of singularity with an interior solution.
III. INTERIOR METRIC
As mentioned in the Introduction, in this work, we will concentrate on the case of static perfect fluid spacetimes. There are many forms to write down the corresponding line element and, in principle, all of them must be equivalent [2] . However, certain forms of the line element turn out to be convenient for investigating a particular problem. Our experience with numerical perfect fluid solutions [20] indicates that for the case under consideration the line element
is particularly convenient. Here f = f (r, θ), γ = γ(r, θ), µ = µ(r, θ), and h = h(r). A redefinition of the coordinate r leads to an equivalent line element which has been used to investigate anisotropic static fluids [21] .
The Einstein equations for a perfect fluid with 4-velocity U α , density ρ, and pressure p (we use geometric units with G = c = 1)
for the line element (3) can be represented as two second-order differential equations for µ and f
where a subscript represents partial derivative. Moreover, the function γ is determined by a set of two partial differential equations
which can be integrated by quadratures once f , µ, p, and h are known. The integrability condition of these partial differential equations turns out to be satisfied identically by virtue of the remaining field equations. Notice that there is no equation for the function h(r). This means that it can be absorbed in the definition of the radial coordinate r. Nevertheless, one can also fix it arbitrarily; it turns out that this freedom is helpful when solving the equations and investigating the physical significance of the solutions.
The advantage of using the line element (3) is that the field equations are split into two sets. The main set consists of the equations (5) and (6) for µ and f which must be solved simultaneously. The second set consists of the first-order equations for γ which plays a secondary role in the sense that they can be integrated once the remaining functions are known. Notice also that the pressure p and the density ρ must be given a priori in order to solve the main set of differential equations for µ and f . As follows from Eq.(6), the equation of state 3p + ρ = 0 reduces the complexity of this equation; nevertheless, this condition leads to negative pressures which, from a physical point of view, are not expected to be present inside astrophysical compact objects.
Finally, we mention that from the conservation law T αβ ;β = 0, we obtain two first-order differential equations for the pressure
which can be integrated for any given functions f (r, θ) and ρ(r, θ).
It is very difficult to find physically reasonable solutions for the above field equations, because the underlying differential equations are highly nonlinear with very strong couplings between the metric functions. In [22] , we presented a new method for generating perfect fluid solutions of the Einstein equations, starting from a given seed solution. The method is based upon the introduction of a new parameter at the level of the metric functions of the seed solution in such a way that the generated new solution is characterized by physical properties which are different from those of the seed solutions.
In this work, we will analyze approximate solutions which satisfy the conditions for being applicable in the case of astrophysical compact objects. We will see that it is then possible to perform a numerical integration by imposing appropriate initial conditions. In particular, if we demand that the metric functions and the pressure are finite at the axis, it is possible to find a class of numerical solutions which can be matched with the exterior q−metric with a pressure that vanishes at the matching surface.
IV. LINEARIZED QUADRUPOLAR METRICS
Our general goal is to investigate how the quadrupole moment influences the structure of spacetimes that can be used to describe the gravitational field of compact deformed gravitational sources. In particular, we aim to find perfect fluid solutions that can be matched with the exterior q−metric (1). Our approach consists in postulating the interior line element and evaluating the energy-momentum tensor from the Einstein equations, a method which was first proposed by Synge and has been applied to find several approximate interior solutions [23, 24] . Once the components of the energy-momentum are calculated, a comparison with the perfect fluid tensor allows us to find explicit expressions for the the density and the pressure, on which standard physical conditions are imposed.
To find the corresponding interior line element, we proceed as follows. Consider the case of a slightly deformed mass. This means that the parameter q for the exterior q−metric can be considered as small and we can linearize the line element as
to Einstein's equations in vacuum.
To construct the approximate interior line element, we start from the exact line element (3) and use the approximate solution (10) as a guide. Following this procedure, an appropriate interior line element can be expressed as
where the functions ν = ν(r), a = a(r), c = c(r),m =m(r), and b = b(r, θ). Notice that we have introduced an additional auxiliary function c(r) which plays a role similar to that of the auxiliary function h(r) of the interior line element (3). Notice that this approximate line element contains also the approximate exterior q−metric (10) as a particular case. This implies that vacuum fields can also be investigated in this approximate approach.
A. General vacuum solution
To test the consistency of the linearized approach, we will derive explicitly the approximate vacuum q−metric (10) . To this end, we compute the vacuum field equations and obtainm ,r = 0 i.e.m = m = const. ,
where for simplicity we have replaced the solution of the first equationm = m = const. in the remaining equations.
Then, Eqs. (13) and (14) can be integrated and yield
where α 1 and α 2 are dimensionless integration constants. The remaining system of partial differential equations can be integrated in general and yields
where α 3 , α 4 and α 5 are dimensionless integration constants.
Thus, we see that the general approximate exterior solution with quadrupole moment is represented by a 5-parameter family of solutions. The particular case
corresponds to the linearized q−metric as represented in Eq.(10). Another interesting particular case corresponds to the choice
which leads to the following line element
This is an asymptotically flat approximate solution with parameters m, q and α 2 . The singularity structure can be found by analyzing the Kretschmann invariant K = R αβγδ R αβγδ which in this case reduces to
where the term proportional to q 2 has been neglected due to the approximate character of the solution. We see that there is a central singularity at r = 0 and a second one at r = m.
We conclude that the solution (25) describes the exterior field of two naked singularities of mass m and quadrupole q. The parameter α 2 can be absorbed by redefining the constant q and so it has no special physical meaning. In the general solution (20)- (22), the additive constants α 4 and α 5 can be chosen such that at infinity the solution describes the Minkowski spacetime in spherical coordinates. This means that non asymptotically flat solutions are also contained in the 5−parameter family (20) - (22). This is the most general vacuum solution which is linear in the quadrupole moment. To our knowledge, this general solution is new.
B. Perfect fluid solutions
We now apply the approximate line element (11) to the study of perfect fluid solutions.
First, we note that in this case the conservation law (9) reduces to
Calculating the second derivative p ,rθ = 0, the above conservation laws lead to
implying that the perfect fluid variables can depend on the coordinate r only. Notice that this does not imply that the source is spherically symmetric. In fact, due to the presence of the quadrupole parameter q in the line element (11) , the coordinate r is no longer a radial coordinate and the equation r =constant represents, in general, a non-spherically symmetric deformed surface [25] .
The corresponding linearized Einstein equations can be represented as
where the (0)−terms correspond to the limiting case of spherical symmetry. As for the energy-momentum tensor, we assume that density and pressure can also be linearized as 
This means that for the particular approximate line element (11) , the field equations for a perfect fluid do not allow the metric functions to explicitly depend on the angular coordinate θ. To search for concrete solutions which can be matched with an exterior metric with quadrupole, it is necessary to modify the exterior metric accordingly. Therefore, we will now consider a modification of the approximate q−metric (10), which can be expressed as
We will see that this approximate exterior solution can be used together with the interior line element (11) to search for approximate solutions with a perfect fluid source. Taking into account that the conservation laws and the approximate field equations for a perfect fluid imply that the physical quantities p and ρ and the metric function b depend only on the spatial coordinate r, the remaining field equations can be represented explicitly as given in Appendix A.
C. The background solution
For the zeroth component of the linearized field equations, we will consider a spherically symmetric spacetime. If we set q = 0 in the line element (11) , only the metric functions ν andm remain for which we obtain the field equations
If we assume that the density is constant, ρ 0 =const., we obtain a particular solution that can be represented as
with
where the integration constants have been chosen such that at the surface radius r = R, the Schwarzschild exterior metric is obtained. Solution (35) is the simplest spherically symmetric perfect fluid solution and is known as the interior Schwarzschild solution. In this work, we will use it as the zeroth approximation of the interior quadrupolar solutions to be obtained below.
D. Matching conditions
The importance of writing the approximate line elements as given above is that the matching between the interior and the exterior metrics can be performed in a relatively easy manner. Indeed, let us consider the boundary conditions at the matching surface r = R by comparing the above interior metric (11) with the q−metric (10) to first order in q. Then, we obtain the matching conditions
In addition, we can impose the physically meaningful condition that the total pressure vanishes at the matching surface, i.e.,
From the point of view of a numerical integration, the above matching conditions can be used as boundary values for the integration of the corresponding differential equations.
Notice that we reach the desired matching by fixing only the spatial coordinate as r = R;
however, this does not mean that the matching surface is a sphere. Indeed, the shape of the matching surface is determined by the conditions t = const and r = R which, according to Eq.(10), determine a surface with explicit θ−dependence. The coordinate r is therefore not a radial coordinate. This has been previously observed in the case of a different metric with quadrupole moment [25] .
V. PARTICULAR SOLUTIONS
Our goal is to find interior solutions to the linearized system of differential equations which take into account the contribution of the quadrupole parameter q only up to the first order. The explicit form of the corresponding field equations is given in Appendix A. One can see that it can be split into two sets that can be treated separately. The first set relates only the functionsm(r), ν(r) and ρ 0 (r), which must satisfy the equations
and
This set of equations can be integrated immediately once the value of the density ρ 0 is known. In particular, for a constant ρ 0 , we obtain the interior Schwarzschild metric (35), which is the zeroth order solution we will use in the following sections to integrate the field equations.
In addition, for the remaining functions a(r), b(r) and c(r), we obtain a set of two secondorder and three first-order partial differential equations which are presented explicitly in Appendix A. In the next sections, we will analyze this set of equations and derive several particular solutions.
A. Solutions determined by constants
To find an interior counterpart for the above approximate exterior metric, we consider first the simplest case in which a, b, c and ρ 1 are constants. The explicit form of the remaining field equations (see Appendix A) suggests the relationship
which reduces considerably the complexity of the equations. Indeed, the only non-trivial equations in this case are
so that the total pressure and density are
where p 0 (r) is given in Eq.(35). The values of the constants a, b and c can be determined from the matching conditions with the exterior metric on the surface r = R. We obtaiñ 
we obtain the pressure and the metric functions depicted in Fig. 1 . We conclude that this interior solution is singularity free and can be matched continuously across the matching surface r = R with the approximate exterior q−metric (32).
The corresponding interior line element can be expressed as
In the limiting case q → 0, we turn back to the interior Schwarzschild solution.
B. Solutions with radial dependence
We now assume that the functions a, b and c depend on the radial coordinate. As before, the interior Schwarzschild solution (35) is taken as the zeroth approximation. An analysis of the field equations shows that the following cases need to be considered.
1)
Let b(r) = 0 and a(r) = c(r). The field equations allow only one solution, namely, a = const. However, this is a trivial case that is equivalent to multiplying the density, pressure and some metric components by a constant quantity.
2) Let b(r) = 0 and a(r) = c(r). In this case, the boundary conditions (37), which imply that a = c = a (R), are not consistent with the remaining field equations. No solutions are found in this case.
3) Let b(r) = 0 and a(r) = c(r). From Eqs.(A8) and (A9), we obtain that
This relationship simplifies the remaining equations. Nevertheless, we were unable to find analytical solutions. Therefore, we perform a numerical integration of the remaining equations for the functions a(r), c(r), and p 1 (r). We take as a particular example the values specified in (46) for the mass m, the matching radius R and the quadrupole parameter q.
Then, from the boundary conditions (37), we obtain
Moreover, to perform the numerical integration, it is necessary to specify the profile of the density function ρ 1 (r), which we take as
where the constant ρ 1 (0) must be chosen such that the total density ρ = ρ 0 + qρ 1 (r) vanishes at the surface and is finite at the center r = 0. For the particular parameter values (46), we obtain ρ 1 (0) = −8.718 and the behavior of the total density is illustrated in Fig. 2 .
With this density function, the numerical integration can be performed explicitly, leading to a solution for the pressure which is presented in Fig. 2 . Moreover, the result of the numerical integration of the metric functions a(r), b(r) and c(r) is represented in Fig. 3 .
We see that all the boundary conditions for the variables of the perfect fluid and the metric functions are satisfied and that all the quantities show a regular behavior. We conclude that in this particular case it is possible to obtain physically meaningful solutions.
The line element for this perfect fluid solution can be written as and leads to the interior Schwarzschild spacetime for vanishing quadrupole parameter.
VI. CONCLUSIONS
In this work, we have investigated approximate interior solutions of Einstein's equations in the case of static and axially symmetric perfect fluid spacetimes, which can be matched smoothly with an exterior spacetime, characterized by an arbitrary mass and a small quadrupole moment.
We present the general form of the field equations for a perfect fluid source by using a specially adapted line element. Due to the complexity of the corresponding set of differential equations, we reduce the problem to the study of the particular case in which the quadrupole parameter can be considered as a small quantity, which is then used to linearize the line element and the field equations. The interior linearized line element is chosen such that it can easily be compared with the exterior approximate q−metric. We analyze the corresponding linearized field equations and derive several classes of new vacuum and perfect fluid solutions.
We limit ourselves to the study of interior solutions that can be matched with the exterior q−metric, satisfy the energy conditions for the density and the pressure and are free of singularities in the entire spacetime. This implies that our solutions can be used to describe the gravitational field of realistic compact objects in which the quadrupole moment is small.
The results obtained here can be considered as a first step towards the determination of an exact solution of Einstein's equations which describes correctly the gravitational field of a rotating deformed source. The important feature of our approach is that we consider explicitly the influence of the quadrupole on the structure of spacetime and the corresponding field equations. In the present work, we only considered the simple and idealized case of a static mass distribution with a small quadrupole and obtained compatible and physically reasonable results. To study more realistic configurations, it is necessary to take into account the rotation the exact quadrupole of the mass. We expect to investigate these problems in future works.
